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In this paper, a generalized quantization principle for tlie gravitational field in canonical quan- 
tum gravity, especially with respect to quantum geometrodynamics is considered. This assumption 
can be interpreted as a transfer from the generalized uncertainty principle in quantum mechanics, 
which is postulated as generalization of the Heisenberg algebra to introduce a minimal length, to 
a corresponding quantization principle concerning the quantities of quantum gravity. According 
to this presupposition there have to be given generalized representations of the operators referring 
, to the observables in the canonical approach of a quantum description of general relativity. This 

also leads to generalized constraints for the states and thus to a generalized WheelerDeWitt equa- 
' tion determining a new dynamical behaviour. As a special manifestation of this modified canonical 

fS) , theory of quantum gravity, quantum cosmology is explored. The generalized cosmological Wheel- 

V. erDeWitt equation corresponding to the application of the generalized quantization principle to the 
cosmological degree of freedom is solved by using Sommerfelds polynomial method. 

< 

I . The search for a quantum theory of gravity is one of the most interesting if not the most interesting research 
^jj^ topic in contemporary fundamental physics. A very important approach to a quantum description of general 
I I relativity is canonical quantum gravity, where are postulated canonical commutation relations for the gravita- 
tional field and its canonical conjugated quantity. Especially in its manifestation as loop quantum gravity [H,[l] 
] based on the new formulation of canonical general relativity given in it is considered as a very promising 

*^ ■ candidate for a quantum theory of gravity. Another important concept in the context of quantum gravity is the 

■ so called generalized uncertainty principle, which refers to quantum mechanics and consists in the assumption 
\^ . of a generalization of the usual Heisenbergian commutator between position and momentum. The generalized 

■ uncertainty principle, which is closely related to the concept of noncommutative geometry, is a well-known concept 
, and introduces the existence of a fundamental minimal length to quantum mechanics and quantum field theory. 

■ This kind of a generalized uncertainty relation and the corresponding introduction of a minimal length has been 
explored in [| , @ , [7] , ,8] , [9] , , [H for the first time. Usually the generalized uncertainty principle is interpreted 
as an effective description of consequences of a fundamental quantum theory of gravity, since the existence of a 
minimal length in the Planck regime is assumed to be an implication of a quantum description of the gravitational 
field. However, there exists also the possibility to consider the generalized uncertainty principle as a fundamental 
description of nature by itself. If this would be the case, then one should assume that not only the variables of 



X: 



I. INTRODUCTION 



J-j . quantum mechanics, the position and momentum of a particle, obey such a generalized uncertainty principle, but 
. - ■ also other variables have to be quantized by using a generalized quantization rule. In the common description 
of quantum field theory and canonical quantum gravity the usual Heisenbergian commutation relation between 
the position and momentum operator is transferred to the field and its canonical conjugated quantity. If there 
is postulated a generalized uncertainty principle in quantum mechanics as fundamental description of nature. 



then the transfer to quantum field theory and quantum gravity should be performed as well. In [12| there has 
been treated the quantization of fields based on the generalized uncertainty principle. Although the relation of 
the gene ralized uncertainty principle and the correspon ding minimal len gth to gravity has been studied in many papers 



il 11 , [11 , [11 , [13 , El , El , 113 , [la , [11 , p , [11 , p 
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it seems that a modification of the quantization principle of the gravitational field itself has been omitted so far. 
In and [11 has already been studied the generalized uncertainty principle with respect to the gravitational degrees 
of freedom of special scenarios of a black hole and cosmology. But in these papers this transfer of the generalized 
uncertainty principle to gravitational degrees of freedom seems not to be considered as a special manifestation of a 
fundamental general description of canonical quantum gravity. At least there is given no general formulation. In 
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the present paper is hold the assumption that a generahzed uncertainty principle with respect to the gravitational 
field could represent a fundamental description of nature and it is considered within the description of quantum 
geometrodynamics. But of course it can analogously be transferred to the quantization procedure within loop 
quantum gravity. The extended quantum description of the gravitational field is applied to quantum cosmology as 
special manifestation of the general theory. In [44| has been considered the gauge description of general relativity 
under incorporation of a generalized uncertainty principle for quantum mechanics. In this description the generalized 
uncertainty principle already influences the fundamental description of gravity decisively. The theory has been 
considered as a kind of semiclassical description. In the theory of this paper the generalized uncertainty principle 
now refers to the fundamental quantum description of general relativity itself. A generalized quantization principle 
for the gravitational field can under certain conditions imply nontrivial commutation relations for the components 
of the gravitational field in the same way as a generalized uncertainty principle in quantum mechanics can imply 
noncommutative geometr y. S uch nontrivial commutation relations for the components of the gravitational field have 
been explored already in [45|. 

The paper is structured as follows: First there is given a short repetition of the generalized uncertainty principle 
in usual quantum mechanics. Then the generalized uncertainty principle is transferred to the gravitational field and 
accordingly it is introduced a generalized quantization principle for the variables of canonical quantum gravity. There 
are considered two cases: In the first case there is assumed that the commutator between the variables of canonical 
quantum gravity depends on the canonical conjugated quantity and in the second case there is assumed that the com- 
mutator depends on the gravitational field itself. There are given the corresponding representations of the operators 
and the corresponding generalized uncertainty relations. After this there are derived the generalized constraints on 
the quantum state of the gravitational field and thus there are obtained the generalized Wheeler-DeWitt equations. 
For the first case of the generalized quantization principle, which commutator depends on the canonical conjugated 
quantity to the gravitational field, is considered the application to the generalized dynamics of quantum cosmology. 
The corresponding Wheeler-DeWitt equation is obtained by applying the generalized quantization principle for the 
gravitational field to the cosmological degree of freedom, which is contained in the scale factor under presupposition 
of a Friedmann Lemaitre universe. It is found a solution by using Sommerfelds polynomial approach, which yields 
a recursion condition for the coefficients of the polynomial presupposed as solution ansatz for the quantum state 
depending on the cosmological scale factor by inserting a general polynomial to the generalized cosmological Wheeler- 
DeWitt equation. The obtained recursion condition maintains that the corresponding state converges, which means 
that it is normalizable and can thus be considered as physical solution. 



II. GENERALIZED QUANTIZATION PRINCIPLE FOR THE GRAVITATIONAL FIELD 

A. Generalized Uncertainty Principle in Quantum Mechanics 

Usually a generalized uncertainty principle is assumed with respect to the variables of quantum mechanics. The 
Heisenbergian commutation relation, [x^,p,y] — i6^, is extended in such a way that the commutator depends on the 
position or on the momentum, 

= z {Sii [1 -t- XaixJ)] + ^b^^xj)} , (1) 

where a{x,p) and 6^(5;, p) describe two arbitrary functions depending on the position and the momentum and A and 
K are constants. For the special case of 

= i {6i: [1 + Xp'Pp] + 2Krp4 : « = A, (2) 
this leads to the following generalized uncertainty relation: 

Ax^Ap^ > (^|[x^,p^]|V^) = l[l + 3AAp^Ap,, + 3A(p'')(p^)] if ^ = j., 

Ax^Ap,>{i;\[x^,p,M=X{p'^){p,) if fi^j,. (3) 

The special case ^ for the generalized uncertainty principle leads to a quite simple representation of the position 
and momentum operator in position space, where has to be performed a series expansion and which is given by 



x^l^Pix)} = xf^li^ix)) , p^\yj{x))^-i{l-Xd'>dp)d^\yj{x))+0{X'), 



(4) 
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whereas its corresponding representation in momentum space is given by 

x^mp)) + + 2tXp^^ppdP] \ij{p)} , p,mp)) = p^lVb)). (5) 

In this paper the generaUzed uncertainty principle ([T]) is considered as a fundamental description of nature and 
accordingly it should be transferred to the variables of canonical quantum gravity, what is done with respect to the 
formulation of quantum geometrodynamics in this paper. 

B. Transfer to a Generalized Quantization Principle for the Gravitational Field 

If a generalized uncertainty principle with respect to quantum mechanics ([T]) is not interpreted as an indirect 
consequence of a fundamental quantum theory of gravity and thus as an effective description but as a fundamental 
property of quantum theory, then one should expect that it has to be transferred to field quantization. Usually 
the Heisenbergian commutation relation of usual quantum mechanics, = iS'j^, is considered as fundamental 

postulate to obtain operators and quantum states from the quantities of classical mechanics. This quantization 
principle is transferred to the quantum description of fields leading to the commutation relation: [(j){x),Tt^(jj)] = 
iS{x — y), if (t>{x) denotes a scalar field and tt^(x) denotes its canonical conjugated quantity. If ([1} is now postulated 
as fundamental commutation relation of quantum mechanics and it is transferred to field quantization, this leads to: 

[(j){x),TTff){y)] ^ iS{x~y) 1 + Av4(0,7r0) . But if the generalized quantization principle is transferred to fields then one 

should expect that it also holds for the special case of the gravitational field. To obtain the analogue quantization rule 
for the gravitational field one has of course to refer to the canonical quantum description of general relativity. In the 
canonical formulation of general relativity space-time is foliated into a spacelike hypersurface and a time coordinate 
leading to the following representation of the metric tensor: 

where hab denotes the three metric on the spacelike hypersurface, N denotes the lapse function and N'^ is the shift 
vector. If there is used this representation of the metric tensor, then the Einstein Hilbert action reads as follows [46|: 



Seh = I dt d?x Lg = — i- / di d^x N (G''''''KabK,d + Vh[Rh- 2A] 
Jm 16ttGJm ^ 

dt d^x U^^hab - Nn~ N^na) , 



16nG 



M 



(7) 



where Ji denotes the part of the Hamiltonian density referring to the space-time direction being orthogonal to the 
hypersurface, T-La denotes the part of the Hamiltonian density referring to the hypersurface, Kab denotes the extrinsic 
curvature, which can be expressed as 

Kab = ^ [hab - DaNb - DbNa) , (8) 

tt"'' denotes the canonical conjugated quantity to hab and is of the following shape: 

dC Vh 



ab _ V r Ty-ab l^uab 



dhab 167rG 



and Gabcd is defined according to 



Gabcd ~ 2^fh ^^"■'^^'"^ ~^ hadhbc ~ habhcd) ■ (10) 
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The quantization of the gravitational field, 



hab^Kb , 7r"''^7r"^ (11) 

is performed in analogy to quantum mechanics by postulating commutation relations, in this case between the three 
metric hab and its canonical conjugated quantity tt"^. If there is presupposed a generalized quantization principle as 
fundamental property of quantum theory, then with respect to the quantization of the gravitational field this means 
that instead of postulating the usual commutation relation [46j . [47j . |48| . 

[hM,n^'^{y)] = '-Six - y) [S^S^, + S^Sl] , (12) 
one has to postulate an extended commutation relation for the gravitational field: 



[Kbix),r''{y)] = i5{x -y)\- [S^St + 1 + \A{k n) 



(13) 



where A{h,fr) and B^f{h,7r) denote two arbitrary functions depending on the three metric and its canonical 
conjugated quantity and A and k still denote constants. This quantization principle (|13|) is obtained from the 
analogous generalized quantization principle in quantum mechanics ([1]). The analogy between the generalization of 
the quantization principle of general relativity (1131) and the generalization of the quantization principle in quantum 
mechanics ([1]) is represented in the tabular below. In principle there are conceivable various concrete manifestations 
of the generalized quantization principle of the gravitational field (|13p leading to different kinematics of the 
corresponding quantum theory of gravity. In the following two subsections are explored two special manifestations. 
This means that the usual quantum description of the gravitational field in quantum geometrodynamics is general- 
ized by postulating (jl3p and presupposing two different pairs of special generalization functions A{h, tt) and B^f{h, tt). 





quantum mechanics 


quantum gravity 


usual 
quantization 
principle 


[x^,,p'^]=tS; 


[hab{x),iT'''iy)]^^S{x,y)SlX^ 


generalized 
quantization 
principle 


[x^,r] - « {s; [1 + \Aix,p)] + «i?;:(x,p)} 


[hab{x),iT-^{y)] = tS{x, y) [siX) [l + AA(/i, ^)] + KBlUk ^)} 



III. REPRESENTATION OF OPERATORS AND CORRESPONDING WHEELER-DEWITT 

EQUATIONS IN TWO SPECIAL CASES 

A. Generalized Quantization Principle Depending on Canonical Conjugated Quantity 

As first special manifestation of (jl3p shall be considered a generalized quantization principle, where the commutator 
between the three metric and its canonical conjugated quantity depends on the canonical conjugated quantity. This 
case is the transfer of a generalized uncertainty principle in quantum mechanics leading to a minimal length. Especially 
it is presupposed the following pair of functions: A{h, tt) — Tr"^^nmn and B^f{h, tt) = 2TT°'^TTcd, leading to the following 
shape of the postulated commutator: 



hab{x),7t'"^{y) ^ iS{x - y) 



- {5l5t + 5t5l) (1 + A7r™"f „„) + 2A7r"^7rcd 



(14) 



where has been set: k = \. The parameter A determining the influence of the additional terms of the generalized 
quantization principle is assumed to be proportional to the squared Planck length in case of quantum mechanics. 
This leads to a corresponding minimal length, which is equal to the Planck length. To maintain the analogy of the 
generalized quantization principle in case of general relativity, one should assume that the parameter A is also directly 
related to the squared Planck length. This means that it is assumed to be very small and accordingly leads to the 
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possibility to consider a series expansion to the first order. This generahzed commutation relation (IT4)) is the analogue 
to © and can be realized by the following representation of the operators hat and tt"^ in the three metric space: 

habMh]) = hatMh]), 

which is analogous to Q and where has accordingly to be used a series expansion of the operator tt"'' in A. In the 
representation referring to the canonical conjugated quantity tt"'' commutation relation (|14p can be realized as follows: 



^ . mn ^ 



7r''''|*[7r]) = 7r"''|*[7r]), (16) 

which is analogous to ([S]). From (116^ one can derive that the several components of the three metric fulfil nontrivial 
commutation relations as well, if there is presupposed (jl4p . which are given by 

[hab,hcd] = 4A^7r'""7rm„ i^cd-^;^ ~ "'a''^;^^ ■ (!''') 

In (45j has been presupposed a nontrivial noncommutativity algebra between the components of the tetrad field 
and there have been derived generalized dynamics for general relativity by using coherent states. (IT71) shows that 
such a structure could indeed arise from a quantum description of the gravitational field, if there is presupposed a 
generalized quantization principle. The uncertainty relation between the three metric and its canonical conjugated 
quantity corresponding to the generalized quantization principle (|14p and being analogue to the case in quantum 
mechanics ([3]) is given by 

A/iabAvr"'' = i|(*|[/i,7r]|^')| = i (1 + 3A(7r"'')(7r'''') +3AA7ra6A7T'''') if a = cAb = d or a = d A 6 = c, 
A/t^bATT"'^ = i|(^'|[/i,7r]|^')| = A(^ab)(7T"'^) if aT^cV&T^d and a 7^ d V & 7^ c. (18) 



B. Generalized Quantization Principle Depending on Three Metric 



As second special manifestation of (jl3[) shall be considered a generalized quantization principle for the gravitational 
field depending on the three metric. Especially, it is presupposed the following pair of functions: A(h,T:) = h™^hmn 
and B'^ih^T:) — 0, leading to the following shape of the postulated commutator: 



(19) 



In the three metric space the quantization principle (|19p can be realized by the following representation of the operators 
hab and tt"^: 



hab\^[h]) = hab\-^[ 

7r°''|«'[/i]) = -i{l + Xh 



Shab 



(20) 



The representation referring to the canonical conjugated quantity will be omitted here. From (PH)) one can derive 
that the several components of the canonical conjugated quantity fulfil the following commutation relations, if there 
is presupposed ((TI 
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j^a&^ ~cd] ^ 2iX (h'"^%''^ - /I'^^r'') . (21) 

The generalized uncertainty relation between the three metric and its canonical conjugated quantity corresponding 
to (fT9l) is given by 

^Kb^n-" = i|(^'|[/^'^^7r,rf]|*)| = i {d^St + 5^51) (l + A(/i™") (/i„„) + AAft'""A/i™„) . (22) 

The corresponding shape of the quantum constraints and thus the Wheeler-DeWitt equations describing the dynamics 
of the quantum states referring to the gravitational field with respect to the two special quantization conditions is 
provided in the next subsection. 



C. Corresponding Generalized Wheeler-DeWitt Equations 

The quantum states for the gravitational field, which are valid, are restricted by quantum constraints being 

obtained by quantizing the Hamiltonian density of general relativity. The complete Hamiltonian density of general 
relativity, W = NU + N^W, reads 

= n'^^'hab - £^ = IQirGNGabcd^"''^''' - {Rh - 2A) - 2NbDan''\ (23) 

IdttG 

where Da denotes the covariant derivative with respect to the gravitational field, vr"'' and £^ are defined in ([7]) and 
^ . Variation of the Einstein Hilbcrt action ([7]) with respect to N and Na yields the classical constraints 

H - 16^GGa6cd^°V'^ - (i?h - 2A) = , Ha^ -2DbTTl=0. (24) 

IdttG 



The first equation of (j24p describes the Hamiltonian constraint and the second equation describes the diffeomorphism 
constraint. To obtain the quantum constraints of the first quantization condition (fT4|) there has to be inserted the 
corresponding representation of the operators with respect to the three metric (|15p to the constraints ([M)) leading to 



167rGGa 



bed 



2A- ' 



Shab Shed Sh Sh'^'' Shab Shed 



(Rh - 2A)\ Mh]) + O {\') ^ 0, 



167rG 



if there used an expansion to the first order in the parameter A. In case of the second quantization condition there 
has to be performed no series expansion. Here accordingly there has to be inserted the three metric representation of 
the second case (|20|) to the constraints ([24| leading to the quantum constraints 



abed n-ki I 



(l + A/i""/i^„)-^-^ + 2A/i'^'' ^ 



Shab Shed Shed 



^ (i^;,-2A)l|vI/[/^])=0, 



IGttG 



2iDbhae (1 + A/i""/^„,„) = 0. (26) 

Shbe 



The first equations of (P5|) and ([25)) are the corresponding generalized Wheeler-DeWitt equations to the quantization 
principles ([T4| and (fT9|) and thus describe the generalized quantum theoretical dynamics of the gravitational field. In 
(l?5]) and ([25]) has been used a special choice of factor ordering corresponding to the transition: 



GabcdT^"" 



ab _cd 



+ hadhbe 



2Vh 



habhed ^ 



(27) 
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IV. APPLICATION TO QUANTUM COSMOLOGY 



Cosmological considerations in the context of a generahzed uncertainty principle in quantum mechanics have already 
been treated. Usual Cosmology with a minimal length has been treated in [ssj . [36j . [37j . [ssj , [ sot . [ilj . Quantum 
cosmology under incorporation of a generalized uncertainty principle has been considered in [2J]. In this section the 
general theory of quantum gravity with a generalized quantization principle for the gravitational field developed in 
the last two sections shall be applied to quantum cosmology. This means that the generalized quantization principle 
for the gravitational field also leads to a generalized quantization rule for the scale factor, which represents the degree 
of freedom of the metric in the cosmological case. A similar quantization of the cosmological degree of freedom 
of the gravitational field can be found in [42j. But there has been treated a completely different scenario and as 
already mentioned in the introduction the quantization of the cosmological degree of freedom of the gravitational 
field according to a generalized uncertainty principle in seems not be interpreted as a special manifestation of a 
generalized quantization principle for the gravitational field considered as a fundamental property of quantum gravity. 



A. Derivation of the Generalized Cosmological Wheeler-DeWitt Equation 



In this section the generalized quantization condition for the gravitational field and the corresponding Wheeler- 
DeWitt equation will be applied to cosmology. Especially it will be presupposed the second special case dH]), where 
the commutation relation between the three metric and its canonical conjugated quantity depends on the canonical 
conjugated quantity rather then on the three metric. The usual line element, ds^ = g^^dx^dx'^ , of a Friedmann 
Lemaitre universe takes the following special form: 



ds^ = -N^{t)dt^ + a^{t)dnl, with dfll = — + {dO^ + sin^ OdLp^) . (28) 

1. — KiV 

In this ansatz for the line element the three metric h""^ is completely determined by the cosmological scale factor a. If 
there is additionally incorporated a cosmological scalar field as matter field one can obtain the following Hamiltonian 
as special manifestation of the Hamiltonian of quantum geometrodynamics [46l|.(47l|: 



+ (29) 
2 \ a a'' 3 / 

if tTq denotes the canonical conjugated quantity to the scale factor a and tt^ denotes the canonical conjugated quantity 
to the cosmological scalar field 0. By integrating the two quantities tTq and tt^ into a two dimensional vector space 
endowed with a metric Gab in the following way: 



TTA = (tTo, TT^) , GaB^[ q ^3] y (30) 



the cosmological Hamiltonian ((29|) can be written as 



H = ^ (c^^'nAnB - « + ^ + ™'«'<^') ■ (31) 

If the variables a and and their canonical conjugated variables tto and tt^ shall be quantized to obtain the corre- 
sponding Wheeler-DeWitt equation to the Hamiltonian (PT|) . there has to be performed the transition 



G^^TT^^B ^ -^^A (V^G^^TTs) . (32) 

The transition p2p is based on a special choice of factor-ordering in analogy to usuasl quantum cosmology. In the 
usual case this would lead to ('^^) ~ since tTq — >■ —i-^ and tt^ — > —i-§^- In the scenario considered in this 

section there is presupposed the generalized quantization principle (jl4p concerning the gravitational field and thus 
there has to be performed another transition with respect to the gravitational field, which is obtained from (I20[) . The 
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scalar field is however quantized in the usual way in this section, what can be considered as a kind of approximation. 
This leads to the following transitions of the canonical conjugated quantities: 



(33) 



Using (123]) together with ^ in yields 



'•"^ ^ da^ ) da 



a 1- X 



da^ J da 



1 

a-^ dcjP 



(34) 



This leads to the following expression for the cosmological Wheeler-DeWitt equation: 



N r 1 



1- A- 



d_ 

da 



a 1 - A- 



da^ 



d_ 

da 



^^ + Vicb,a)}na,^ 



+ o(a2) = 0, 



(35) 



where it has been defined 



Aa^ 

V{(j), a) = -a+ — - + w?a^(f)'^. 
o 



(36) 



The cosmological Wheeler-DeWitt equation (|35|) can be transformed to 



2A 94 4A 33 I Q2 ^ Q ^ Q2 
a da^ a^ da^ a da^ a^ da a^ 



2 +y(0,a)^*(a,. 



+ 0{X^) =0. 



(37) 



B. Solution of the Generalized Cosmological Wheeler-DeWitt Equation 



Concerning the solution of the generalized cosmological Wheeler-DeWitt equation ([37]) it will be assumed that 
771 = implying that the intersection term between a and (/) in the potential V{a, cj)) vanishes: m?a'^(jP = 0. Under 
this precondition the two variables a and (p can be separated meaning that the wave function can be expressed as 
a product of wave functions only depending on one of the variables: \E'(a, 0) = '4){a)tf{4'). Inserting this separation 
ansatz to the cosmological Wheeler-DeWitt equation derived above (|37|) under the condition 771 = leads to 

(38) 



a3 , 


f 2A 94 


4A 93 


1 92 


1 d 


^{a) 1 


[ a da^ 


a^ da^ 


1 

a da^ 


a^ da 



Lp{4)) dcjP' 

Since the two sides of equation are equal, it has to be assumed that both sides are equal to a constant leading to 
the following system of two equations: 

a da* a^ da^ a da^ a^ da a^ \ ' 



9V(0) 



c(/7(0) = 0. (39) 



Remember that in this whole section the first order approximation in the parameter A is presupposed. The solution 
of the equation referring to the scalar field (f> is trivial: </'(</') = exp(z-y/c0). To solve the equation referring to the 
scale factor a there is used Sommerfelds polynomial method. Accordingly it is assumed the following ansatz, where 
^{a) is expressed as a general polynomial and thus reads 



^|;{a) 



00 

E 



(40) 
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where the Xn are arbitrary coefBcients, which are determined in the fohowing solution procedure. The derivations of 
(HOI are given by 



da 



da? 



£n(n-l)x„a"-^ 



n=0 



a 



da^ 



n{n - l)(n - 2)xna 



n — 3 



da^ 



^ n(n - l)(n - 2)(n - 3)x„a"~^ 



n=0 n=0 

Inserting pO)) and (|4T]) to the equation of ((39)) referring to a yields 



(41) 



^ [-2An(n - l)(n - 2)(n - 3)xna""^ - 4An(n - l)(n - 2)x„a" 

Tl = 



^ 0. 



This equation can be transformed to 



^ [-2A(7i + 5)(n + 4)(n + 3)(n + 2)x„+5 - 4A(n + 5)(n + 4)(n + 3)x„+5 



n=0 



A 



+ (n + 3)(n + 2)x„+3 + (n + 3)x«+3 - Xn-l + -^Xn-3 + CXn+3 



a" = 0. 



Reordering of the terms yields 



(42) 



(43) 



{A [-2{n + 5)(n + 4)(n + 3)(n + 2) - 4(n + 5)(n + 4)(n + 3)] x«+5 

n=0 

+ [(n + 3)(n + 2) + (n + 3) + c] x„+3 - Xn-i + ^Xn-s^ a" = 0. (44) 
If this equation shall be fulfilled, then one is led to the following condition for the coefficients of the polynomial: 



Xn+5 



[(n + 3)(n + 2) + (n + 3) + c] Xn+3 - Xn-i + |xn-3 



A [-2(n + 5)(n + 4)(n + 3)(n + 2) - 4(n + 5)(n + 4)(n + 3)] ' 
By shifting the indices this recursion relation can be rewritten to 



(45) 



Xn+2 



[n(n -l)+n + c] Xn - X»-4 + f Xn-6 
A [-2(n + 2)(n + l)n(7i - 1) - 4(n + 2)(n + l)n] ' 



(46) 



It has now to be shown that the corresponding polynomial with the coefficients obeying (j46p converges to maintain 
its normalizability, which is the precondition to be considered as physical solution. Therefore the behaviour of the 
relation (1461) has to be explored for n — c». To study the case n — > oo just the terms of highest order in n remain 
important in the nominator as well as the denominator leading to 



lim Xn+2 = lim 

n— >oo 

This means that for n 



[n{n - 1) + n + c] Xn - Xn-i + f Xn 



-6 



«^oo A [-2(n + 2){n + l)n{n - 1) - 4(n + 2)(n + l)n] 
oo it holds 



-2An4 



(47) 



Xn+2 



Xn 

2\r? 



(48) 
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In case of the exponential function, exp(— x^) = X^J^o'^"'^"' coefficients behave as a„+2 = for n — )■ oo. 

Thus it is obvious that the polynomial corresponding to (|46p converges, is normalizable and thus can be considered 
as physical solution. The first coefficients the formula refers to are degrees of freedom, which have to be chosen at 
the beginning. Since the formula P5|) relates coefficients, which exponent differs by two, the coefficients referring to 
even exponents are independent of the coefficients to odd exponents. For xo, Xi ^'^'^ X2 the expression on the right 
hand side of ()46p is not defined, since the denominator becomes zero as can be seen, if one chooses n — —2, n = — 1 
or = leading to xo, Xi or X2 on the left hand side, xo and xi would have to be chosen even if the denominator 
would not become zero, since it is a precondition of (|46p to be defined for Xn+2 that at least the coefficient Xn is 
defined. The other coefficients, which take negative indices for the first terms, have to be set to zero. There will now 
be determined the first ten terms of the solution polynomial, if there is defined Xo = Qf; Xi = and X3 — 



(l + c)/3 (4 + c)7 (9 + c)(l + c)/3 (16 + c)(4 + 0)7 - a 

Xo = a, Xi = P, X2=7, X3 = ^TTT-, X4 — TTTT^ X5 = ^^^^r,^■) > X6 = 



-24A ' -144A ' 11520A2 ' 172800A2 



(25 + c)(9 + c)(l + c)/3 - /? (36 + c)[(16 + c)(4 + 0)7 - a] - 7 + fa 



-29030400A3 ' -812851200A3 

_ (49 + c)[(25 + c)(9 + c)(l + c)P - /?] - %t£^ + 
234101145600A4 

(49) 

This leads to the following solution of the generalized cosmological Wheeler-DeWitt equation ([57)) : 



^, I a 2 1 + 3 4 + C7 4 9 + c 1 + c^ 5 16 + c 4 + c7-a g 

^ ' ^/^ -r / -r _24A ^ -144A 11520A2 172800A2 

(25 + c)(9 + c)(l + c)/3-;9 7 (36 + c)[(16 + c)(4 + 0)7 - a] - 7 + fa g 
-29030400A3 " -812851200A3 " 

(49 + c)[(25 + c)(9 + c)(l + c)l3 - /?] - (i±|^ + f^ 



234101145600A4 



a^ + O (ai°) ^ exp {iy^c/j) . (50) 



The free parameters a,/3 and 7 as well as c represent something like initial conditions on the state ^{a, 4>). Of course 
they have to be chosen in such a way that the state is normalized and thus they are restricted. 



V. SUMMARY AND DISCUSSION 



In this paper a generalized quantization principle for the gravitational field in the canonical approach to a quantum 
description of general relativity has been proposed in analogy to the generalized uncertainty principle in quantum 
mechanics. There have been considered two special cases: In one case the generalized quantization principle is 
assumed to depend on the canonical conjugated quantity to the three metric and in the other case it is assumed 
to depend on the three metric itself. It have been considered the corresponding representations of the operators 
describing the quantities of quantum geometrodynamics and the generalized Wheeler-DeWitt equations describing 
the dynamics for both cases. After this there has been considered the special application to quantum cosmology, 
where the quantization principle becomes manifest with respect to the scale factor containing the degree of freedom 
of the metric in a Friedmann Lemaitre universe. By using the representation of the operator of the scale factor 
there has been derived the cosmological Wheeler-De Witt equation for the case of a generalized quantization principle 
depending on the canonical conjugated quantity. This equation has been solved by using Sommerfelds polynomial 
method. Accordingly there has been obtained a recursion formula for the coefficients by inserting a general polynomial 
depending on the cosmological scale factor to the cosmological Wheeler-DeWitt equation. From this recursion relation 
can be seen obviously that the corresponding polynomial converges and thus can be considered as physical solution. 

If a generalized uncertainty principle in quantum mechanics or the closely related concept of noncommutative 
geometry is considered as fundamental description of nature, then it seems to be natural to transfer the corresponding 
generalized commutation relation to the quantization of quantities in other theories, especially field theories, as it is 
usually done concerning the usual Heisenbergian algebra. Since the quantization principle has to be applied to any 
classical theory to obtain the corresponding quantum theory, its generalization also has to be assumed to be valid for 
all special theories including general relativity. In this paper there has only been explored the basic idea of this concept 
and the corresponding Wheeler-DeWitt equation has been solved for one special scenario. It could be promising to 
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extend the considerations given in this paper concerning the complete mathematical formalism of canonical quantum 
gravity and other special applications. In principle the suggested generalized quantization principle for the variables 
within a quantum description of the gravitational field can be presupposed in any special formulation of canonical 
quantum gravity. Accordingly the exploration of the generalized quantization principle for the gravitational field with 
respect to Ashtekars variables and within loop quantum gravity based on these variables would be of great interest. 
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